In this paper, we introduce the notion of T * -extension of a Lie triple system. Then we show that T * -extension is compatible with nilpotency, solvability, and it preserves in certain sense the decomposition properties. In addition, we investigate the equivalence of T * -extensions using cohomology. Finally, we show that every finite-dimensional nilpotent metrised Lie triple system over an algebraically closed field is the T * -extension of an appropriate quotient system.
Introduction
Lie triple systems arose initially in Cartan's study of Riemannian geometry, in which he employed his classification of the real simple Lie algebras to classify an important class of Riemannian manifolds, the symmetric spaces. The triple (ternary) systems which were first introduced algebraically have been developed in connection with geometry, for example, the tangent algebra of a symmetric space is a Lie triple system. Moreover, they have important applications in physics, in particular, in elementary particle theory and the theory of quantum mechanics (see [2] ). Since then, Lie triple systems (and their connections with symmetric spaces and related spaces) have become an interesting subject in mathematics. A pseudo-metrised (metrised) Lie triple system is a Lie triple system over a field K carrying a nondegenerate invariant (symmetric) bilinear form. In this paper we introduce an extension technique called T * -extension for Lie triple systems. This method is a one-step procedure, so it is usually workable. In 1997, Bordemann introduced the notion of T * -extension of Lie algebras in [3] . In the classification of finite-dimensional two-step nilpotent metrised Lie algebras by Medina and Revoy (cf. [6] ), a nontrivial T * -extension of an abelian Lie algebra by an alternating three-form is constructed. In [1] , T * -extension is one of the main tools for their investigation. Furthermore, Keith's notion of bi-extension (cf. [4, p. 56]) of Lie algebras contains the T * -extension as the special case where B = B ⊥ and M :=B/B ⊥ = 0.
These facts show that T * -extension is an important method to study algebraic structures. This is our motivation to investigate the T * -extension of Lie triple systems. In this paper, we show that T * -extension is compatible with nilpotency, solvability, and it preserves in some sense the decomposition properties. The key condition to construct T * -extensions is the existence of a maximally isotropic ideal. We also investigate the equivalence of T * -extensions using cohomology. The main result of this paper is an important feature of T * -extension: every finite-dimensional nilpotent metrised Lie triple system can be constructed by this method if the field is algebraically closed and of characteristic not equal to two.
Preliminaries
Definition 2.1 [5] . A Lie triple system (L.t.s.) is a vector space T over a field K, which is closed with respect to a trilinear multiplication [a, b, c] Definition 2.4 [8] . A symmetric bilinear form f of a L.t.s. T is said to be right-invariant (resp. left-
We know from Lemma 3.1 in [8] that if f is right-invariant, then it is left-invariant. Therefore f is invariant if and only if it is right-invariant. Definition 2.5. Let T be a L.t.s. over a field K. If T admits a nondegenerate invariant bilinear form f , then we call T pseudo-metrisable and the pair (T, f ) a pseudo-metrised L.t.s. If in addition f is symmetric, then we call T metrisable and the pair (T, f ) a metrised L.t.s. Definition 2.6. Let T be a L.t.s. over a field K. We inductively define a central descending series
For any nilpotent L.t.s. T , we can prove by induction that (
Analogously, we can prove the other assertion.
(2) We shall use induction on i. The case i = 0 follows from the relation
Therefore, for any i ∈ N, T i = ⊥ C i (T) holds. Analogously, we can prove the other assertion.
Definition 2.8 [7] . Let T be a L.t.s. and V be a vector space over K. Suppose that there exists a bilinear 
where
From (2.5) we obtain
Hence the vector space spanned 
Let V be a T -module defined by a bilinear mapping θ.
, n 1, where the symbolˆover a letter indicates that this letter is to be omitted. Yamaguti proved in [7] 
On the other hand,
This proves the lemma since q A is invariant ⇐⇒ q A is right-invariant. 
In the following theorem we shall show that some properties of a L.t.s. A can be transferred to the T * -extension of A. 
(4) If A is finite-dimensional, indecomposable and nonabelian, so is the trivial T
w A, and write
This proves that (T * w A) 2k−1 = 0. Hence T * w A is nilpotent of nilindex at least k and at most 2k − 1.
where we have used the assumption that w = 0. The first summand on the right hand side of this equation vanishes because it is contained in A k = 0. All the other summands are of the type As a first step we show that the subspaces 
Similarly, (1) and Z(T * 0 A) is isotropic. Now J is also isotropic since it is contained in Z(T * 0 A). Hence J must be zero by the assumption that it is nondegenerate. This proves that T * 0 A = I is indecomposable. The following theorem is one of the most important merits of the method of T * -extensions.
of [9]) shows that Z(T
* 0 A) = ((T * 0 A) (1) ) ⊥ = Z(A) ⊕ (A (1) ) ann ,) = (A (1) ) ann (Z(A)) = 0, since Z(A) ⊆ A
Lemma 3.5. Let (A, f ) be a metrised L.t.s. with finite dimension n over a field K, I be an isotropic n/2-dimensional subspace of A. Then I is an ideal of A if and only if I is abelian.

Proof. Since dimI + dimI
Theorem 3.6. Let (A, f ) be a metrised L.t.s. with finite dimension n over a field K the characteristic of which is different from two. Then (A, f ) is isometric to a T * -extension (T * w B, q B ) if and only if n is even and A contains an isotropic ideal I (i.e. I ⊆ I ⊥ ) of dimension n/2. In this case B ∼ = A/I.
Proof. " ⇒": Since dimB = dimB * , dimT * w B is even. Moreover, it is easily seen from the definition of the multiplication (see (3.1)) and the bilinear form q B (see (3. 3)) that B * is an isotropic ideal of half the dimension of T * w B. 
for any a 1 , a 2 , a 3 , ∈ A and i ∈ I. Further, a similar computation shows that
and that
Now we define a trilinear map w :
This is well-defined since the restriction of the projection p to B 0 is a linear isomorphism. Now, let 
where we have made use of the definition of w, the above properties of f b , the fact that p is a homomorphism, and the definition (3.1) of the product in T * w B. Furthermore, we have
where we have used the fact that B 0 could be chosen to be isotropic in the last equation. This means that ϕ * q B = f . Therefore q B is an invariant symmetric bilinear form on T * w B (cf. [9] Lemma 2.3 (1) and (2)) and w satisfies (3. 
(2) T * 
Hence φ is a homomorphism of L.t.s. if and only if (3.6) holds.
Since both w 1 and w 2 are cocycles satisfying (3.4), the right hand side of (3.6) has to be invariant
) for all b, b ∈ B and its symmetric part ψ s as defined above, i.e. ψ = ψ a + ψ s , we see that the right hand side of (3.6) evaluated on b 4 ∈ B has the following form:
Writing the above summation as s (b 1 , b 2 , b 3 , b 4 ) and considering s(b 1 , b 2 , b 3 
This proves the invariance of the symmetric bilinear form induced by ψ s .
(2) Let the isomorphism φ be defined as in (1) . Then for all b, b ∈ B and β, β ∈ B * , we have
Thus φ is an isometry if and only if ψ s = 0. Now, we describe the equivalence classes and isometric equivalence classes of T * -extension of B from the cohomological point of view.
Nilpotent metrised Lie triple systems
In this section we will prove that every finite-dimensional nilpotent metrisable Lie triple system is in fact isometric to certain T * -extension. 
Proof. We shall use induction on n. The case n = 0 is trivially satisfied, hence we can assume that n 1. By Engel's Theorem of Lie triple systems, there exists a nonzero vector v ∈ V such that φv = 0 for all φ ∈ L provided that L is nilpotent. Therefore, it suffices to distinguish the following two cases:
In the first case the one-dimensional subspace Kv is a nonzero isotropic L-stable subspace, hence we only need to deal with W . The orthogonal complement W ⊥ contains W by the assumption. Let 
This implies that the Lie triple system L satisfies the same conditions as L. a 2 ) . By the symmetry of q, we have
Since LR(A) is generated by left and right multiplications, each element φ of LR(A) can be written as a sum of products of the form 
